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Abstract

Contains the solution of P versus NP compexity class relation prob-
lem. As expected, P 6= NP. Idea of the proof is the following: Suppos-
ing P = NP we build a problem in class P of fixed time-complexity
degree, with the following trait: every problem from P reduces to it,
thus leading to contradiction with time hierarchy theorem.
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1 Introducion

Let’s adjust terminology first.
(String) problem is any function ω : I → S, I, S ⊆ {0, 1}+. Decision

problem is a problem for which S = {0, 1}.
We use single-tape Turing machines as mathematical model of algorithm.

Single tape contains input string, it is used as work tape and contains output
string when TM halts. This is sufficient enough for this paper, as sublinear-
space (-time) problems are not discussed separately from P-problems here.
We consider only such Turing machines which halt on every input of any
length. Tape alphabet is {0, 1, Λ}. Tape is infinite in both directions, input
string is placed between two infinite chains of Λ symbol (blank symbol) at left
and right side. Set of internal states (which is not dependant on input string)
is Q = {0, 1 . . . q}. Initial state is state 0. There are three head movement
cases per each step: keep position, move one cell left and move one cell right.

With respect to data representation. It’s clear that, for example, rep-
resentation of numbers in unary alphabet is superfluous and distorts the
subject of investigation. On the other hand, there is no sense in looking for
too “optimal” representation: the paper discusses the following question: can
some quantity, like calculation time, space or some string length, be limited
by a polynomial over problem’s input string length. In other words, rather
rough choice will be made regarding this quantity: either “some fixed-degree
polynomial” or “greater than every fixed-degree polynomial”. So coefficients
and other details, which are determined by representation peculiarities still
don’t change the choice mentioned above.

A representation α will be considered optimal, if there is no representation
β such that

∀i ∀m ∈ N |β(i)|m = o(|α(i)|)
and

∀i, j (α(i) 6= α(j) ⇒ β(i) 6= β(j)) .

Complexity classes. Class DTIME (T (·)) is a class of problems which are
computable within T (n) time limit on every input of length n. Class P :

P =
def

⋃∞
k=1
DTIME

(
O

(
(·)k

))
.

Complexity class NP contains decision problems which solution can be
verified within polynomial time. Decision problem ω : I → {0, 1} is in NP
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class, iff there is a decision problem δ ∈ P and polynomial p(·) such that

∀i ∈ I
(
ω(i) = 1 ⇔ ∃c ∈ {0, 1}? (|c| < p(|i|) ∧ δ (〈i, c〉) = 1)

)
,

c is denoted as certificate, or witness. Decision problem ω : I → {0, 1} is in
co-NP class, iff there is a decision problem ε ∈ P and polynomial q(·) such
that

∀i ∈ I
(
ω(i) = 0 ⇔ ∃d ∈ {0, 1}? (|d| < q(|i|) ∧ ε (〈i, d〉) = 1)

)
.
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2 Shrinks. Traits of shrinks of Turing ma-

chines of exponential-time complexity

2.1 Shrink definition

Let Ω be any TM with following properties:

1. solves some decision problem;

2. computable within T (·) time bound and S(·) space bound;

3. number of internal states is not greater than 2C ;

4. transition function is denoted by

η : {0, 1, Λ} × {0, 1}C → {0, 1, Λ} × {0, 1}C ×
×{moveleft = 00, moveright = 01, dontmove = 10} ;

5. set of final states is F ;

6. when machine halts, it scans tape symbol which is an output.

Let’s intoduce additional function

convert : {0, 1}n → {0, 1}2S(n)+C+1 :

convert(i)(e1, . . . en) is calculated by the following rules:

1. if 0 ≤ i < 2n and if i is even number, then converti = ei/2;

2. if 0 ≤ i < 2n and if i id odd number, then converti = 0;

3. if 2n ≤ i < S(n) then converti = 1;

4. if S(n) ≤ i < S(n) + C + 1 then converti = 0.

Definition 1 Shrink of TM Ω (when input string length is fixed and equal
to n) is a function

F : {0, 1}2S(n)+C+1 → {0, 1}2S(n)+C+1 ,

with a property:

∀x ∈ {0, 1}+ F
(T (n))
(0)

(
convert(x)

)
= Ω(x), (1)

where A(i) is an ith bit of A, F (k) is k-ary F composition.

4



2.2 Traits of shrinks of Turing machines of
exponential-time complexity

Theorem 1 For each TM Ω, which is computable within exp(O(·)) time
bound, there exists a shrink. Calculation rule for one bit of this shrink,
expressed by a recursive formula, has representation string of length O(·).

Proof. Let Ω to be a TM computable within 2Bn time limit. Clearly, space

limit is 2Bn too. We define A =
def

2B for future clarity between space and
time measures.

Without loss of generality we can consider the following statement: when
Ω halts, it scans tape cell which contains computation result. (If this is not
true, Ω can be modified so that it performs additional steps of moving head to
desired position after termination of calculations. This operation requires no
more than 2Bn additional steps, i.e. Ω will still belong to DTIME (exp(O(·))
class.)

Let’s introduce some auxiliary denotions:

Function φ : {0, 1, Λ}? → {0, 1}?. Injective function from set of TM alpha-
bet strings to set of boolean alphabet strings. One-symbol strings are
converted in the following manner:

φ(0) =
def

00, φ(1) =
def

01, φ(Λ) =
def

1x;

where x is any symbol, let it be 1 for distinctness.
Other strings are converted by rule:

φ(ab) =
def

φ(a)φ(b).

Function ξ : {0, 1}C+2 → {0, 1}C+4. As we can see, transition function η,
which first argument is converted by φ−1 function, and first string
of result is converted by φ function, is partially defined function
{0, 1}C+2 → {0, 1}C+4. Let’s remove the incompleteness of definition
(arbitrarily), and denote the result as ξ.

Function χ : {0, 1}C → {0, 1}. Its argument is φ(q), where q is TM state,
χ = 1 iff q ∈ F .
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Function δ : {0, 1}3 → {0, 1}3 is used as auxiliary, to avoid encumbering of
fig. 1. It is a decoder of 2-bit binary code, combined with a circuit that
blocks it, if stop bit is set.

δ is determined by the following table:

input output
1 2 3 1 2 3
0 0 0 1 0 0
0 1 0 0 0 1
1 any 0 0 1 0

any any 1 0 1 0

With the aid of these functions the shrink of Ω TM can be represented
as a set of boolean functions (finite for any fixed length of input), see fig. 1.
Let’s estimate the growth of representation of this circuit. If upper bound for
length of the tape is N , then length of curcuit representation is no more than
O(N), clearly. But this is an estimation of whole F ’s shrink representation
length.

Let Ω’s input string to be fixed and equal to e, and suppose we want to
know not all, but one bit of shrink, at any moment of time (step) t.

According to fig. 1,

∃E : {0, 1}(An+1+C)+Bn+2n → {0, 1}(An+1+C)+Bn+2n ∀e ∈ {0, 1 . . . 2n − 1}

∀x ∈ {
0, 1 . . . 2An+1+C − 1

} ∀t ∈ {
0, 1 . . . 2Bn − 1

}

E(x; t; e) = θ
(
x; t; e; E(0; t− 1; e), E(1; t− 1; e),

. . . E(2An+1+C − 1; t− 1; e)
)
. (2)

E can be calculated in the following way:

1. If t = 0 (initial state),

(a) If 0 ≤ x < 2n (input string area hit),

i. If x is even then

E(x; t; e) is
x

2
th bit of string e

6



Figure 1: Single step of turing machine as a shrink function
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ii. Else (x is odd) then

E(x; t; e) = 0

(b) If 2n ≤ x < 2An (empty tape area hit) then

E(x; t; e) = 1

(c) If 2An ≤ x < 2An + 1 + C (hit of internal TM state or stop bit)
then

E(x; t; e) = 0

2. If t > 0 and E(2An; t − 1; e) = 1 (not initial state, TM Ω has already
halted, any bit is requested),

E(x; t; e) = E(x; t− 1; e)

3. If t > 0 and E(2An; t− 1; e) = 0 (not initial state, TM Ω is not halted
at step t), calculate

α1 = ξC+1( E(2An + 1; t− 1; e) . . . E(2An + 1 + C; t− 1; e);
E(0; t− 1; e), E(1; t− 1; e)) )

α2 = ξC+2( E(2An + 1; t− 1; e) . . . E(2An + 1 + ; t− 1; e);
E(0; t− 1; e), E(1; t− 1; e)) )

α3 = ξC+3( E(2An + 1; t− 1; e) . . . E(2An + 1 + C; t− 1; e);
E(0; t− 1; e), E(1; t− 1; e)) )

α4 = ξC+4( E(2An + 1; t− 1; e) . . . E(2An + 1 + ; t− 1; e);
E(0; t− 1; e), E(1; t− 1; e)) )

β1 = ξ1( E(2An + 1; t− 1; e) . . . E(2An + 1 + C; t− 1; e);
E(0; t− 1; e), E(1; t− 1; e)) )

. . .
βC = ξC( E(2An + 1; t− 1; e) . . . E(2An + 1 + C; t− 1; e);

E(0; t− 1; e), E(1; t− 1; e)) )

(a) If α1 = 0, α2 = 0 (at step t TM Ω moves head left),

i. If x = 2 or x = 3 (requested symbol, which is being written
to tape at step t by TM Ω) then

E(2; t; e) = α3, E(3; t; e) = α4
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ii. If x < 2 (some other symbol requested, case 1) then

E(x; t; e) = E(An + x− 2; t− 1; e)

iii. If 4 ≤ x < 2An (some other symbol requested, case 2) then

E(x; t; e) = E(x− 2; t− 1; e)

(b) If α1 = 0, α2 = 1 (at step t TM Ω moves head right),

i. If x = 2An − 2 or x = 2An − 1 (requested symbol, which is
being written to tape at step t by TM Ω) then

E(2An − 2; t; e) = α3, E(2An − 1; t; e) = α4

ii. If x < 2An − 2 (some other symbol requested) then

E(x; t; e) = E(x + 2; t− 1; e)

(c) If α1 = 1 (TM Ω doesn’t move head at step t),

i. If x = 0 or x = 1 (requested symbol, which is being written
to tape at step t by TM Ω) then

E(0; t; e) = α3, E(1; t; e) = α4

ii. If 2 ≤ x < 2An (some other symbol requested) then

E(x; t; e) = E(x; t− 1; e)

(d) If x = 2An (stop bit requested) then

E(2An; t; e) = χ(β1 . . . βC)

(e) If 2An + 1 ≤ x < 2An + 1 + C (internal state bit requested) then

E(x; t; e) = βx−2An

Conditional structure “if x then a = y else a = z” can be represented by
logical connectives in the form of

a = (x ∧ y) ∨ (¬x ∧ z). (3)

More complex conditionals with more than one condition, and nested
conditionals, can be expressed as a set of boolean formulas (3), with aid of
auxillary variables.

Clearly, complete procedure of calculation of E can be represented as
set of boolean formulas with cumulative length O(n) (when n → ∞ and Ω
fixed), with aid of additional variables.
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3 Some auxiliry theorems of predicate logic

Theorem 2 Let x1 . . . xn ∈ D, f : D → {0, 1}, z ∈ {0, 1}, K to be any
predicate, such that for every function f :

∀x1 . . . xn ∃z K [f(x1) . . . f(xn), z] (4)

Then expression

∃f(·) ∀x1 . . . xn+1 ∀z (K [f(x1) . . . f(xn), z] ⇒ (z = f(xn+1))) (5)

is equivalent to
∃f1(·) . . . fn(·) ∀x1 . . . xn+1 ∀z∧n

i=1
(K [f1(x1) . . . fn(xn), z] ⇒ (z = fi(xn+1))) . (6)

Proof. First of all, function f is renamed to f1. Then we introduce new
functions — f2 = f3 = . . . = fn = f1:

(5) ⇔ ∃f1(·) . . . fn(·) ∀x1 . . . xn ∀z ∀y
(
f2(y) = f1(y) ∧ f3(y) = f1(y) ∧ . . . ∧ fn(y) = f1(y)

)
∧

∧
(
K [f1(x1) . . . f1(xn), z] ⇒ (z = f1(xn+1))

)
. (7)

Now we

• use n times idempotency of “∧” operation, repeating implication from
expression (5) n times;

• use equality between function f1 and fi, i > 1 and change functional
sumbol names in implications;

so we get:
(7) ⇔ ∃f1(·) . . . fn(·) ∀x1 . . . xn ∀z ∀y(

f2(y) = f1(y) ∧ f3(y) = f1(y) ∧ . . . ∧ fn(y) = f1(y)
)
∧

∧n

i=1

(
K [f1(x1) . . . fn(xn), z] ⇒ (z = fi(xn+1))

)
. (8)

Then we exclude the variable y using the equation:

∀u∀v ∀w P (v) ∧Q(u,w) ⇔ ∀u∀v P (v) ∧Q(u, v); (9)
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in such way:
(8) ⇔ ∃f1(·) . . . fn(·) ∀x1 . . . xn ∀z

∧n

i=2

(
fi(xn+1) = f1(xn+1)

)
∧

∧
∧n

i=1

(
K [f1(x1) . . . fn(xn), z] ⇒ (z = fi(xn+1))

)
. (10)

Accoring to condition (4), in every case there exists z such that premise
of implication in second conjunction of (10) is true (it does not depend on i).
Then z = f1(xn+1) = . . . = fn(xn+1) and first conjunction of (10) is always
true, so it can be excluded from expression:

(10) ⇔ (6),

which required to be proved.

Theorem 3 Let {xi}, z, f and K to comply to conditions from theorem 2.
Then expression (5) is equivalent to

∃f(·) f ?(·) ∀x1 . . . xn+1 ∀z
(
K [f(x1) . . . f(xn), z] ⇒ (z = f ?(xn+1))

)
∧

∧
(
K [f ?(x1) . . . f ?(xn), z] ⇒ (z = f(xn+1))

)
. (11)

Proof. We introduce a new function f ? = f . Then we

• add to (5) the condition ∀y f ?(y) = f(y);

• use idempotency of “∧” operation, repeat implication of formula (5)
two times;

• use equation f = f ? and change functional symbols in implications;

• exclude the variable y, using the equation (9);
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so we get:

(5) ⇔ ∃f(·)f ?(·) ∀x1 . . . xn ∀z ∀y
(
f(xn+1) = f ?(xn+1)

)
∧

(
K [f(x1) . . . f(xn), z] ⇒ (z = f ?(xn+1))

)
∧

∧
(
K [f ?(x1) . . . f ?(xn), z] ⇒ (z = f(xn+1))

)
. (12)

According to condition (4), there always exists z such that premises of
all implications in (12) are true. Then z = f(xn+1) = f ?(xn+1) and first
conjunction of (12) is always true, so it can be excluded from the expression:

(12) ⇔ (11),

which required to be proved.

Theorem 4 Let {xi}, f and predicate K to comply conditions from theorem
2.

Then, expression (5) is equivalent to

∃f1(·) . . . fn(·),∃f ?
1 (·) . . . f ?

n(·)

∀ {
xj

i , x
j?
i

}∣∣
i=1...n,j=1...n

,∀ {
zj, z

?
j

}∣∣
j=1...n(∧n

i=1

(
K

[
f1(x

i
1) . . . fn(xi

n), zi

] ⇒ (zi = f ?
i (xi

n+1))
) )
∧

∧
(∧n

i=1

(
K

[
f i?

1 (x1) . . . f i?
n (xn), z?

i

] ⇒ (z?
i = fi(x

i
n+1))

) )
. (13)

Proof. We use theorem 3 and 2:

(5) ⇔ ∃f1(·) . . . fn(·) ∃f ?
1 (·) . . . f ?

n(·) ∀x1 . . . xn+1 ∀z
(∧n

i=1
(K [f1(x1) . . . fn(xn), z] ⇒ (z = f ?

i (xn+1)))
)
∧

∧
(∧n

i=1
(K [f ?

1 (x1) . . . f ?
n(xn), z] ⇒ (z = fi(xn+1)))

)
. (14)

By formula ∀u P (u) ∧Q(u) ⇔ ∀uP (u) ∧ ∀v Q(v):

(14) ⇔ ∃f1(·) . . . fn(·) ∃f ?
1 (·) . . . f ?

n(·)
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(
∀x1 . . . xn+1 ∀z

∧n

i=1
(K [f1(x1) . . . fn(xn), z] ⇒ (z = f ?

i (xn+1)))
)
∧

∧
(
∀x1 . . . xn+1 ∀z

∧n

i=1
(K [f ?

1 (x1) . . . f ?
n(xn), z] ⇒ (z = fi(xn+1)))

)
. (15)

We rename the variables:

(15) ⇔ ∃f1(·) . . . fn(·) ∃f ?
1 (·) . . . f ?

n(·)
(
∀x1 . . . xn, x

?
n+1 ∀z?

∧n

i=1

(
K [f1(x1) . . . fn(xn), z?] ⇒ (z? = f ?

i (x?
n+1))

) )
∧

∧
(
∀x?

1 . . . x?
n, xn+1 ∀z

∧n

i=1
(K [f ?

1 (x?
1) . . . f ?

n(x?
n), z] ⇒ (z = fi(xn+1)))

)
.

(16)
By formula ∀uP (u) ∧ ∀v Q(v) ⇔ ∀u∀v P (u) ∧Q(v):

(16) ⇔ ∃f1(·) . . . fn(·) ∃f ?
1 (·) . . . f ?

n(·) ∀x1 . . . xn+1, x
?
1 . . . x?

n+1 ∀z, z?

(∧n

i=1

(
K [f1(x1) . . . fn(xn), z?] ⇒ (z? = f ?

i (x?
n+1))

) )
∧

∧
(∧n

i=1
(K [f ?

1 (x?
1) . . . f ?

n(x?
n), z] ⇒ (z = fi(xn+1)))

)
. (17)

Finally, by formula ∀uP (u) ⇔ ∀u1 . . . un P (u1) . . . P (un):

(17) ⇔ (13).
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4 Σ5-SAT problem. Theorem of univeral re-

ducibility to Σ5-SAT problem.

4.1 Σ5-SAT problem

Definition 2 Consider the statement of first order predicate logic in the
form of:

∀χ1 · · · ∀χn∃χn+1 · · · ∃χn+m∀χn+m+1 · · · ∀χn+m+k

∃χn+m+k+1 · · · ∃χn+n+k+s∀χn+m+k+s+1 · · · ∃χn+n+k+s+tK (χ1, χ2, . . . χn+m+k+s+t) ,
(18)

where K is a boolean expression which has no entries of any variables except
χ1, χ2, . . . χn+m+k+s+t.

We call Σ5-SAT a problem of decision is given stamement in form of (18)
true or false, provided by its representation.

Theorem 5 If NP = co-NP then Σ5-SAT problem belongs to NP class
(and therefore, certification algorithm time is limited by a fixed polynomial
over input length).

Proof. Let’s suppose NP = co-NP . This implies PH collapses to NP .
Because Σ5 ⊆ PH, and Σ5-SAT ∈ Σ5, then Σ5-SAT ∈ NP .

Theorem 6 If NP ⊆ P or co-NP ⊆ P, then Σ5-SAT problem is com-
putable within polynomial time.

Proof. If NP ⊆ P or co-NP ⊆ P , then NP = co-NP and by theorem 5
Σ5-SAT ∈ NP . According to supposition this implies Σ5-SAT ∈ P .

4.2 Universal reducibility of DTIME (exp(O(·))) to
Σ5-SAT problem

Theorem 7 If problem Σ5-SAT ∈ P, then every decision problem from
DTIME (exp(O(·)) class is computable with polynomial time of fixed degree.
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Proof. Let Ω be any TM, which solves some decision problem within 2Bn

time, where n is a length of its input string. Let’s denote A =
def

2B. As before,
without loss of generality we consider that Ω scans computation result when
it halts.

We start reasoning from set of recursive formulas for computation of func-
tion E(x; t; e), which is equal to xth bit of shrink at tth step of computation
of Ω(e), taken from theorem 1 proof.

E(x; t; e) is some function dependant on arguments:

x; t; e; E(2An; t− 1; e), E(0; t− 1; e), E(1; t− 1; e),

E(2An + 1; t− 1; e) . . . E(2An + C; t− 1; e),

E((2An + x− 2)mod(2An); t− 1; e), E(x + 2; t− 1; e), E(x; t− 1; e).

Now we need to show that chain of formulas to calculate E(x; t; e) is
representable as statement in form of (18) of effective (polynomial) length.

Each auxillary variable which is used to compute E, may belong to one
of four types:

1. variables which arrive when conditionals are replaced with constructs
of form (3), there is a fixed number of them (we name it D);

2. additional arguments (values of E funtion on other inputs), C + 6
variables;

3. bits of output string of ξ function (internal variables), C + 4 variables;

4. computation result for function χ, one variable;

in all 2C + D + 11. Considering this,

(2) ⇔ ∃E : {0, 1}(A+B+2)n+C+1 → {0, 1}(A+B+2)n+C+1

∀e1 . . . en ∀x1 . . . xAn+C+1 ∀t1 . . . tBn ∀a1 . . . a2C+D+11{∧D

i=1

(
ai = (aj ∧ am) ∨ (¬aj ∧ ak), j, k,m ∈ {1, 2 . . . D}

)
∧

∧
∧C

i=1

(
aD+i = E(2An + i; t− 1; e)

)
∧

∧ aC+D+1 = E(0; t− 1; e) ∧ aC+D+2 = E(1; t− 1; e) ∧
∧ aC+D+3 = E(2An; t− 1; e) ∧ aC+D+4 = E((x− 2)mod(2An); t− 1; e) ∧
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∧ aC+D+5 = E(x + 2; t− 1; e) ∧ aC+D+6 = E(x; t− 1; e) ∧
∧

∧C+4

i=1

(
aC+D+6+i = ξi(aD+1, aD+2, . . . aC+D+2)

)
∧

∧ a2C+D+11 = χ(aC+D+7, aC+D+8 . . . a2C+D+10) ⇒ E(x; t; e) = a1

}
. (19)

Let’s designate for the sake of convenience

p =
def

An + C + 1, q =
def

Bn, r =
def

2C + D + 11, s =
def

C + 6.

Core of expression (19) (i.e. unquantified internal part which will be
denoted as core(19) below), contains s entries of function E, not counting
the last one, which includes function being determined. The idea is that
function E should have fixed collection of arguments, and had entries within
the formula only with this collection of arguments. To archieve this, we
introduce s equivalent functions E1 . . . Es, each of them has own collection
of argumentsxi

1 . . . xi
p and ti1 . . . tiq, and also auxillary variables ai

1 . . . ai
r; i =

1 . . . s.
Generality quantifiers of expression (19) are duplicated s times (except

those which quantify variables e1 . . . en). Core will be duplicated s times,
components of new core will be named sub-cores.

Inner part of each subcore changes in the following manner: all variables
xk, tk, ak get upper index i (number of current sub-core), all constructs in
form of

ai
k = E(α; β; e),

except the last one, are replaced by

ai
k = Ej(α; β; e),

where j iterates all numbers from 1 to s, and this is repeated for all sub-cores.
Each sub-core contains exactly s entries of functional symbol E in the left
side of implication.

Right side of implication

ai
1 = E(x; t; e)

contains the function being determined, therefore, it will change in other
way: it will be replaced by

ai
1 = Ei(x; t; e),

16



where i is a number of current sub-core.
Thus,

(19) ⇔ ∀e1 . . . en ∀
{
xi

j

}∣∣
i=1...s, j=1...p

∀ {
tij

}∣∣
i=1...s, j=1...q

∃ {
Ei(xi

1 . . . xi
p; t

i
1 . . . tiq; e1 . . . en)

}∣∣
i=1...s

∀ {
ai

j

}∣∣
i=1...s
j=1...r

∧s

i=1
core(19)

(
e1 . . . en, xi

1 . . . xi
p, ti1 . . . tiq, ai

1 . . . ai
r,

E1(2An + 1; ti − 1; e) . . . Es−6(2An + C; ti − 1; e),

Es−5(0; ti − 1; e), Es−4(1; ti − 1; e), Es−3(2An; ti − 1; e),

Es−2((xi − 2)mod(2An); ti − 1; e), Es−1(xi + 2; ti − 1; e), Es(xi; ti − 1; e),

Ei(x; t; e)
)
. (20)

Each subcore of expression (20) contains only one function Ei, which
entries within expression has multiple set of arguments. To avoid this,
let’s introduce additional excess: all functions and variables are be dupli-
cated, copies will be denoted with an asterisk (?) at superscript. Also cross-
“calcation” will is used, i.e. no-asterisk function and variables determines
valus of asterisk function, and vice versa:

(20) ⇔ ∃{
Ei(xi

1 . . . xi
p; t

i
1 . . . tiq; e1 . . . en),

Ei?(xi?
1 . . . xi?

p ; ti?1 . . . ti?q ; e1 . . . en)
}∣∣

i=1...s

∀e1 . . . en∀
{
xi

j, x
i?
j

}∣∣
i=1...s, j=1...p

∀ {
tij, t

i?
j

}∣∣
i=1...s, j=1...q

∀ {
ai

j, a
i?
j

}∣∣
i=1...s, j=1...r

∧s

i=1
core(19)

(
e1 . . . en, xi

1 . . . xi
p, ti1 . . . tiq, ai

1 . . . ai
r,

E1(2An + 1; ti − 1; e) . . . Es−6(2An + C; ti − 1; e),

Es−5(0; ti − 1; e), Es−4(1; ti − 1; e), Es−3(2An; ti − 1; e),

Es−2((xi − 2)mod(2An); ti − 1; e),

Es−1(xi + 2; ti − 1; e), Es(xi; ti − 1; e), Ei?(x?; t?; e)
)
∧

∧
∧s

i=1
core(19)

(
e1 . . . en, xi?

1 . . . xi?
p , ti?1 . . . ti?q , ai?

1 . . . ai?
r ,

E1?(2An + 1; ti? − 1; e) . . . Es−6?(2An + C; ti? − 1; e),
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Es−5?(0; ti? − 1; e), Es−4?(1; ti? − 1; e), Es−3?(2An; ti? − 1; e),

Es−2?((xi? − 2)mod(2An); ti? − 1; e),

Es−1?(xi? + 2; ti? − 1; e), Es?(xi?; ti? − 1; e), Ei(x; t; e)
)
. (21)

Correctness of conversion (19) ⇔ 21 is proved in detail in theorem 4.
Two conjunctions in expression (21) can be united to one, and its internal

part can be named sub-core of (21). It has the following property: for each
functional symbol all its entries to sub-core has fixed collection of arguments.

Further, we use the rule

P (f(a)) ⇔ ∀x
(
(x = a) ⇒ P (f(x))

)
:

(for brevity instead of Ei(xi; ti; e) (Ei?(xi?; ti?; e)) we write Ei (Ei?) ):

(21) ⇔ ∃{
Ei(xi

1 . . . xi
p; t

i
1 . . . tiq; e1 . . . en),

Ei?(xi?
1 . . . xi?

p ; ti?1 . . . ti?q ; e1 . . . en)
}∣∣

i=1...s

∀e1 . . . en∀
{
xi

j, x
i?
j

}∣∣
i=1...s, j=1...p

∀ {
tij, t

i?
j

}∣∣
i=1...s, j=1...q

∀ {
ai

j, a
i?
j

}∣∣
i=1...s, j=1...r

∧s

i=1

{∧s−6

j=1
(xj = 2An + j) ∧ (tj = ti − 1) ∧

∧ (xs−5 = 0) ∧ (ts−5 = ti − 1) ∧ (xs−4 = 1) ∧ (ts−4 = ti − 1) ∧
∧ (xs−3 = 2An) ∧ (ts−3 = ti − 1)∧

∧(xs−2 = (xi − 2)mod(2An)) ∧ (ts−2 = ti − 1) ∧
∧ (xs−1 = xi + 2) ∧ (ts−1 = ti − 1) ∧ (xs = xi) ∧ (ts = ti − 1) ⇒
⇒ core(19)

(
e1 . . . en, xi

1 . . . xi
p, ti1 . . . tiq, a

i
1 . . . ai

r, E
1 . . . Es, Ei?

)
∧

∧
∧s−6

j=1
(xj? = 2An + j) ∧ (tj? = ti? − 1) ∧

∧ (xs−5? = 0) ∧ (ts−5? = ti? − 1) ∧ (xs−4? = 1) ∧ (ts−4? = ti? − 1) ∧
∧ (xs−3? = 2An) ∧ (ts−3? = ti? − 1)∧

∧(xs−2? = (xi? − 2)mod(2An)) ∧ (ts−2? = ti? − 1) ∧
∧ (xs−1? = xi? + 2)) ∧ (ts−1? = ti? − 1) ∧ (xs? = xi?) ∧ (ts? = ti? − 1) ⇒
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⇒ core(19)

(
e1 . . . en, xi?

1 . . . xi?
p , ti?1 . . . ti?q , ai?

1 . . . ai?
r , E1? . . . Es?, Ei

)}
(22)

Core of expression (22) will be denoted below as core(22).

Now we need to find equivalent conversion of (22) to form of (18). Note
that condition of existence of function cannot be just replaced with existential
quantifier, this way:

∀e1 . . . en ∀
{
xi

j, x
i?
j

}∣∣
i=1...s, j=1...p

∀ {
tij, t

i?
j

}∣∣
i=1...s, j=1...q

∃ {
Ei, Ei?

}∣∣
i=1...s

∀{
ai

j, a
i?
j

}
i=1...s, j=1...r

core(22)

(
e1 . . . en,

{
xi

j, x
i?
j

}
,
{
tij, t

i?
j

}
,
{
ai

j, a
i?
j

}
,
{
Ei, Ei?

} )

because functional symbol Ei (Ei?) must be dependant only on vari-
ables xi

1 . . . xi
p; t

i
1 . . . tip (xi?

1 . . . xi?
p ; ti?1 . . . ti?p ), not on full set of variables{

xi
j, x

i?
j

}∣∣
i=1...s, j=1...p

{
tij, t

i?
j

}∣∣
i=1...s, j=1...q

.

We denote e =
def {e1, e2 . . . en}, X i =

def {
xi

j, x
i?
j , tij, t

i?
j

}
, a =

def {
ai

j, a
i?
j

}

F i =
def {Ei, Ei?} and rewrite (22) in shorter form:

(22) ⇔ ∀e ∀X1 . . . ∀Xn ∃F 1 . . . ∃F n ∀a core(22)(e,X
1 . . . Xn, F 1 . . . F n, a).

Then we use the rule:

∀X1 ∀X2 . . . ∀Xn ∃F 1(X1) ∃F 2(X2) . . . ∀F n(Xn) ∀a
P (X1 . . . Xn, F 1 . . . F n, a) ⇔ (23)

⇔ ∀X ∃G1 ∃G2 . . . ∃Gn ∀X1 ∀X2 . . . ∀Xn

∃F 1 ∃F 2 . . . ∃F n ∀a
{∨n

i=1

(
X = X i

) ⇒

⇒
∧n

i=1

(
X = X i ⇒ F i = Gi

) }
∧ P (X1 . . . Xn, F 1 . . . F n, a) (24)

Because in (24) predicate P doesn’t depend on X, F1 . . . Fn have to be
independent of X to satisfy P. Then core of (24) implies:

F 1(X1, X2 . . . Xn) = G1(X1) ∧
∧ F 2(X1, X2 . . . Xn) = G2(X2) ∧ . . .

. . . ∧ F n(X1, X2 . . . Xn) = Gn(Xn)
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which is actually is a requrement of independency of F i on all variables except
X i. So (24) ⇒ (23). Reverse implication is trivial.

Finally,

(22) ⇔ ∀e ∀X ∃G1 ∃G2 . . . ∃Gn ∀X1 ∀X2 . . . ∀Xn

∃F 1 ∃F 2 . . . ∃F n ∀a
{∨n

i=1

(
X = X i

) ⇒

⇒
∧n

i=1

(
X = X i ⇒ F i = Gi

) }
∧ core(22)(e,X

1 . . . Xn, F 1 . . . F n, a). (25)

Consequently, we got a chain of equivalent conversions:

(1) ⇔ (2) ⇔ (19) ⇔ (20) ⇔ (21) ⇔ (22) ⇔ (25);

then (1) ⇔ (25).
Clearly, (25) has representation length O(nW ), W = const.
The next algorithm reduces Ω to Σ5-SAT.

1. Add additional conditions to expression (25):

• condition of equality to 1 of the lowest bit of result at step t = 2Bn.

• conditions that determine concrete values of variables e1 . . . en.

Acquired formula will is denoted as H.

2. Calculate Σ5-SAT(H). Output of this calculation (“accepted” or “de-
clined”) is an output of this algorithm.

H is true, i.e. Σ5-SAT(H) = 1 iff (1), extended with additional condi-
tions, is true. On other words, H is true, iff TM Ω accepts input e.

Let’s suppose that Σ5-SAT is computable within polynomial time O(nC).
Then step 2 requires O(nCW ) time. Time of such degree is more than enough
to perform step one.

Hence every problem from DTIME
(
2Bn

)
is computable within polyno-

mial time, which degree is invariant to chosen problem.
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5 The results

The next theorem is main result of this work.

Theorem 8 There are problems in classes NP, co-NP which are not com-
putable within polynomial time. SAT problem is an example of such problem
from NP class.

Proof.
Suppose that it is not true. Then for each decision problem from class

NP , there exists an algorithm which solves it within polynomial time.
According to theorem 6 this implies Σ5-SAT ∈ P .
Then by theorem 7, every problem from DTIME (exp(O(·))), is com-

putable within time O(nL), L = const. Here L not determined by nature of
the problem and it is an universal constant.

Calculability of such problem within O(nL) time implies that all prob-
lems from class DTIME

(
O(nL+1)

)
are in class DTIME

(
O(nL)

)
, that is not

possible according to time hierarchy theorem (see [2]).
Consequenty, supposition was wrong and NP * P .
Similar argumentation is true for co-NP class also.

Because every problem from NP reduces to SAT (see [1]), supposition of
its computability within polynomial time conflicts with result NP * P .
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